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Abstract
Topological invariants such as characteristic classes are an impor-
tant tool to aid in understanding and categorizing the structure and
properties of algebraic varieties. In this note we consider the problem
of computing a particular characteristic class, the Chern-Schwartz-
MacPherson class, of a complete simplicial toric variety XΣ defined by
a fan Σ from the combinatorial data contained in the fan Σ. Specif-
ically, we give an effective combinatorial algorithm to compute the
Chern-Schwartz-MacPherson class of XΣ, in the Chow ring (or ratio-
nal Chow ring) of XΣ. This method is formulated by combining, and
when necessary modifying, several known results from the literature
and is implemented in Macaulay2 for test purposes.
1
1 Introduction and Background
The Chern-Schwartz-MacPherson (cSM) class is a generalization of the total
Chern class, that is the Chern class of the tangent bundle, to singular vari-
eties. Unlike other generalizations of the Chern class to the singular setting
the cSM class maintains many of the functorial properties of the total Chern
class, and in particular maintains the relation to the Euler characteristic.
This means, explicitly, that as with the Chern class the cSM class contains
the Euler characteristic as the degree of its zero dimensional component, this
relationship is discussed in more detail in §1.2.
Historically the existence of a functorial theory of Chern classes for singu-
lar varieties in terms of a natural transformation from the functor of con-
structible functions to some nice homology theory, and its relation to the
Euler characteristic, was conjectured by Deligne and Grothendieck in the
1960’s. In the 1974 article [12], MacPherson proved the existence of such a
transformation, introducing a new notion of Chern classes for singular alge-
braic varieties. Independently in the 1960’s Schwartz [14] defined a theory
of Chern classes for singular varieties in relative cohomology. It was later
shown in a paper of Brasselet and Schwartz [3] that these two different no-
tions were in fact equivalent. This construction is now commonly referred to
as the Chern-Schwartz-MacPherson class.
In this note we present Algorithm 1 which computes the Chern-Schwartz-
MacPherson class and/or the Euler characteristic of a complete simplicial
toric variety XΣ defined by a fan Σ. The algorithm is based on a result of
Barthel, Brasselet and Fieseler [2] which gives an expression for the cSM class
of a toric variety in terms of torus orbit closures. Note that, for simplicity,
we will only consider toric varieties XΣ over C.
From a computational point of view the problem of calculating the cSM class
for subschemes V of Pn has been considered by Aluffi in [1], by Jost in [10] and
by the author of this note in [8, 9]; this problem has also been considered for
subschemes of some smooth complete toric varieties by the author in [7]. All
of these algorithms have at their core the need to solve polynomial systems
of varying difficulty; for example by means of Gro¨bner bases calculations or
polynomial homotopy continuation. As such the running times of all such
algorithms are dependent on the algebraic degrees of the defining equations
2
of V and on other algebraic properties of the defining equations. Given the
often substantial computational cost of solving polynomial systems we believe
that an approach to computing cSM classes which is strictly combinatorial in
nature is desirable in settings where this is possible, such as the toric setting
considered here.
We note that the restriction to complete simplicial toric varieties is not re-
quired in the statement of the result of Barthel, Brasselet and Fieseler [2]
on which our algorithm is based, indeed these restrictions are present on the
algorithm only for the purpose of simplifying the construction of the Chow
ring of the toric variety. If one was able to construct the Chow ring in a
simple manner with the restrictions removed the algorithm could be applied
unchanged in this more general setting.
The Macaulay2 [6] implementation of our algorithm for computing the cSM
class and Euler characteristic of a complete simplicial toric variety presented
in this note can be found at https://github.com/Martin-Helmer/char-class-calc.
This implementation is accessed via the “CharToric” package. Note that this
implementation is also available in the github version of the “Characteristic-
Classes” Macaulay2 package, see
https://github.com/Macaulay2/M2/blob/master/M2/Macaulay2/packages/CharacteristicClasses.m2,
and will be included in the next release of Macaulay2.
Example 1.1. Let Hr denote the r-th Hirzebruch surface (see, for example,
Cox, Little, Schenck [4, Example 3.1.16]). Taking r = 5 and letting R =
C[x0, x1, x2, x3, x4] be the total coordinate ring of the toric variety Hr we
have that
cSM(Hr) = 4x1x2 + 2x1 + 7x2 + 1 ∈ A
∗(Hr), (1)
where A∗(Hr) is the Chow ring of Hr. We may write this as
A∗(Hr) ∼= Z[x0, x1, x2, x3, x4]/(x0x2, x1x3, x0 − x2,−x3 + x1 + 5x2). (2)
From this we deduce that the Euler characteristic is
χ(Hr) =
∫
cSM(Hr) = 4,
where
∫
α denotes the degree of the zero dimensional part of the cycle class
α in some Chow ring (which is the coefficient of x1x2 in this case). Note
that the Euler characteristic could also be obtained directly as the number
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of 2-dimensional cones in the fan corresponding to the toric variety Hr via
Theorem 12.3.9 of Cox, Little and Shanek [4].
The content of this note will be organized as follows. In §1.1 we will establish
the setting for this work and review the construction of the rational Chow ring
of a complete and simplicial toric variety. In §1.2 we will state the problem
and briefly review the definition of the cSM class. We then review relevant
related results in §1.3. In §2 we detail the construction of our algorithm
for computing the cSM class in the setting considered here. The problem of
computing the multiplicity of a cone in an explicit manner is considered in
§2.1. Our algorithm for computing cSM classes (Algorithm 1), along with the
results of some performance testing of Algorithm 1 is given in §2.2.
1.1 Setting and Notation
Let XΣ be an n-dimensional complete and simplicial toric variety defined by
a fan Σ. Similar to the construction of the Chow ring in the smooth case
we may construct the Chow ring of XΣ from the Chow groups, that is the
groups Aj(XΣ) of codimension j-cycles on XΣ modulo rational equivalence.
The only difference in this case will be that we work over the rational number
field Q rather than the integers.
Using the definition of the intersection product on rational cycles (see §12.5
of [4]) we have that the rational Chow ring of XΣ is given by the graded ring
A∗(XΣ)Q = A
∗(XΣ)⊗Z Q =
n⊕
j=0
Aj(XΣ)⊗Z Q. (3)
For each cone σ in the fan Σ the orbit closure V (σ) is a subvariety of codi-
mension dim(σ). We will write [V (σ)] for the rational equivalence class of
V (σ) in Adim(σ)(XΣ).
For convenience of notation we will also write Aℓ(XΣ) for the dimension ℓ-
cycles on XΣ modulo rational equivalence. For a more in depth discussion of
rational equivalence, Chow groups, and Chow rings see Fulton [5].
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Proposition 1.2 (Lemma 12.5.1 of [4]). The collections [V (σ)] ∈ Aj(XΣ)
for σ ∈ Σ having dimension n − j generate Aj(XΣ), the Chow group of
dimension j. Further the collection [V (σ)] for all σ ∈ Σ generates A∗(XΣ)
as an abelian group.
The following proposition gives us a simple method to compute the rational
Chow ring of a complete, simplicial toric variety XΣ. We will use this result
to compute the rational Chow ring A∗(XΣ)Q in Algorithm 1, our algorithm
to compute the cSM class of a complete, simplicial toric variety.
Proposition 1.3 (Theorem 12.5.3 of Cox, Little, Schenck [4]). Let N be an
integer lattice with dual M . Let XΣ be a complete and simplicial toric variety
with generating rays Σ(1) = ρ1, . . . , ρr where ρj = 〈vj〉 for vj ∈ N . Then we
have that
Q[x1, . . . , xr]/(I + J ) ∼= A
∗(XΣ)Q, (4)
with the isomorphism map specified by [xi] 7→ [V (ρi)]. Here I denotes the
Stanley-Reisner ideal of the fan Σ, that is the ideal in Q[x1, . . . , xr] specified
by
I = (xi1 · · ·xis | iij distinct and ρi1 + · · ·+ ρis is not a cone of Σ) (5)
and J denotes the ideal of Q[x1, . . . , xr] generated by linear relations of the
rays, that is J is generated by linear forms
r∑
j=1
m(vj)xj (6)
for m ranging over some basis of M .
1.2 Problem
The main problem considered in this note is the following: given a com-
plete simplical toric variety XΣ how do does one efficiently compute the
class cSM(XΣ) in the Chow ring A
∗(XΣ)Q? We will give a method to solve
this problem in Algorithm 1. To further establish the context for this prob-
lem, however, we will briefly discuss the definition of the Chern-Schwartz-
MacPherson class.
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The total Chern class of a j-dimensional nonsingular variety V is defined as
the Chern class of the tangent bundle TV , we write this as c(V ) = c(TV ) · [V ]
in the Chow ring of V , A∗(V ). See Fulton [5, §3.2] for a definition of the
Chern class of a vector bundle. As a consequence of the Gauss-Bonnet-
Chern theorem (or the Grothendieck-Riemann-Roch theorem, see for exam-
ple Schu¨rmann and Yokura [13]), we have that the degree of the zero dimen-
sional component of the total Chern class of a projective variety is equal to
the Euler characteristic, that is∫
c(TV ) · [V ] = χ(V ). (7)
Here
∫
α denotes the degree of the zero dimensional component of the class
α ∈ A∗(V ), i.e. the degree of the part of α in A0(V ).
There are several known generalizations of the total Chern class to singular
varieties. All of these notions agree with c(TV )·[V ] for nonsingular V , however
the Chern-Schwartz-MacPherson class is the only one of these that satisfies
a property analogous to (7) for any V , i.e.∫
cSM(V ) = χ(V ). (8)
We review here the construction of the cSM classes, given in the manner con-
sidered by MacPherson [12]. For a scheme V , let C(V ) denote the abelian
group of finite linear combinations
∑
W mW1W , where W are (closed) sub-
varieties of V , mW ∈ Z, and 1W denotes the function that is 1 in W , and 0
outside of W . Elements f ∈ C(V ) are known as constructible functions and
the group C(V ) is referred to as the group of constructible functions on V . To
make C into a functor we let C map a scheme V to the group of constructible
functions on V and a proper morphism f : V1 → V2 is mapped by C to
C(f)(1W )(p) = χ(f
−1(p) ∩W ), W ⊂ V1, p ∈ V2 a closed point.
Another functor from algebraic varieties to abelian groups is the Chow group
functor A∗. The cSM class may be realized as a natural transformation
between these two functors.
Definition 1.4. The Chern-Schwartz-MacPherson class is the unique natu-
ral transformation between the constructible function functor and the Chow
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group functor, that is cSM : C → A∗ is the unique natural transformation
satisfying:
• (Normalization) cSM(1V ) = c(TV ) · [V ] for V non-singular and com-
plete.
• (Naturality) f∗(cSM(φ)) = cSM(C(f)(φ)), for f : X → Y a proper
transformation of projective varieties, φ a constructible function on X.
For a scheme V let Vred denote the support of V , the notation cSM(V ) is
taken to mean cSM(1V ) and hence, since 1V = 1Vred , we denote cSM(V ) =
cSM(Vred).
Note that the cSM classes (and constructible functions) also satisfy the same
inclusion/exclusion relation as the Euler characteristic, i.e. for V1, V2 sub-
schemes of a scheme W we have
cSM(V1 ∪ V2) = cSM(V1) + cSM(V2)− cSM(V1 ∩ V2).
We note that in some settings, such as subschemes of projective spaces or
subschemes of some toric varieties, computing the cSM class seems to provide
a quite effective means, relative to other available techniques, to compute the
Euler characteristic. For a discussion of this see, for example, [8, 7]. For toric
varieties themselves, however, this is not the case as there is in fact an explicit
formula for the Euler characteristic of a toric variety, see Theorem 12.3.9 of
Cox, Little and Shanek [4].
1.3 Review of Results
In this section we review the results which will provide the basis for Algorithm
1 below. The main ingredient in this algorithm is the following result of
Barthel, Brasselet and Fieseler [2].
Proposition 1.5 (Main Theorem of Barthel, Brasselet and Fieseler [2]). Let
XΣ be an n-dimensional complex toric variety specified by a fan Σ. We have
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that the Chern-Schwartz-MacPherson class of XΣ can be written in terms of
orbit closures as
cSM(XΣ) =
∑
σ∈Σ
[V (σ)] ∈ A∗(XΣ)Q (9)
where V (σ) is the closure of the torus orbit corresponding to σ.
We now recall the definition of the multiplicity of a simplicial cone, for more
details see §6.4 of Cox, Little, and Schenck [4]. Let N be an integer lattice
with dual lattice M , let σ = 〈v1, . . . , vd〉 be a simplicial cone and let
Nσ = Span(σ) ∩N, (10)
recall that Span(σ) ⊂ NR is the smallest subspace of the vector space NR
which contains σ. We note that the index of the subgroup Zv1+ · · ·+Zvd ⊂
Nσ in Nσ is finite. We define the multiplicity of σ as
mult(σ) = [Nσ : Zv1 + · · ·+ Zvd ⊂ Nσ] (11)
where [G : H ] denotes the index of a subgroup H in a group G. In practice
we shall employ Lemma 2.1 to compute mult(σ). Specifically Lemma 2.1
will allow us to compute the multiplicity of a simplicial cone. Since we only
consider complete simplicial toric varieties in Algorithm 1 this lemma may
be used to compute the multiplicity in all cases considered here.
To compute the classes [V (σ)] appearing in (9) we will employ the following
proposition combined with Proposition 1.3.
Proposition 1.6 (Theorem 12.5.2. of Cox, Little, Schenck [4]). Assume
that XΣ is complete and simplicial. If ρ1, . . . , ρd ∈ Σ(1) are distinct and if
σ = ρ1 + · · ·+ ρd ∈ Σ then in A
∗(XΣ) we have the following:
[V (σ)] = mult(σ)[V (ρ1)] · [V (ρ2)] · · · [V (ρd)]. (12)
Here mult(σ) will be calculated using Lemma 2.1.
2 Algorithm and Performance
In this section we describe the process by which we turn the Main Theorem
of Barthel, Brasselet and Fieseler [2] (Proposition 1.5) into a computational
method to find cSM classes of complete simplicial toric varieties.
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2.1 Computing Multiplicitiy
One of the main computational steps in Algorithm 1 below, for singular
cases, is the computation of the multiplicity of a cone σ ∈ Σ. In practice
this computation will be accomplished using Lemma 2.1. This lemma is a
modified version of Proposition 11.1.8. of Cox, Little, Schenck [4]. We have
altered the statement of the result to explicitly show how we will compute
these multiplicities in practice. The main point here is to show how the
definition of the multiplicity of a cone given in (11) can be phrased in terms
of straightforward linear algebra computations in the cases considered in this
note.
Lemma 2.1 (Modified version of Proposition 11.1.8. of Cox, Little, Schenck
[4]). Let N = Zn be an integer lattice. For a simplicial cone σ = ρ1+· · ·+ρd ⊂
N let Mσ be the matrix with columns specified by the generating vectors of
the rays ρ1, . . . , ρd which define the cone σ; we have
mult(σ) = |det(Herm(Mσ))| (13)
where Herm(Mσ) denotes the Hermite normal form of matrix Mσ with all
zero rows and/or zero columns removed. Further mult(σ) = 1 if and only if
Uσ is smooth.
Proof. Suppose ρ1 = 〈u1〉 , . . . , ρd = 〈ud〉 so that we can write σ = 〈u1, . . . , ud〉.
In Proposition 11.1.8. of Cox, Little, Schenck [4] it is shown that if e1, . . . , ed
is a basis for Nσ (see (10)) and ui =
∑d
j=1 ai,jej = E[ai,j ] (where E is the
n× d matrix with columns e1, . . . , ed) then we have that
mult(σ) = |det ([ai,j ])| . (14)
The matrixMσ defined by the rays ρ1, . . . , ρd is the n×d matrix with columns
given by the vectors u1, . . . , ud. Note that Mσ has rank d. Choose e1, . . . , ed
to be a basis of Nσ so that the matrix E with columns e1, . . . , ed has the form
E =
[
E˜
0
]
with det(E˜) = 1. Now since Mσ has rank d we may write
Mσ =
[
Herm(Mσ)
0
]
T
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for Herm(Mσ) the d × d matrix obtained from the Hermite normal form of
Mσ with the zero rows removed and T a d× d unimodular matrix. Then we
have that [
E˜
0
]
[ai,j] =
[
Herm(Mσ)
0
]
T,
and hence E˜[ai,j] = Herm(Mσ)T . Note that det(E˜) = det(T ) = 1, this gives
that det([ai,j]) = det (Herm(Mσ)) as claimed.
The Hermite normal form of Mσ is obtained by performing unimodular col-
umn operations on Mσ and thus represents a change of basis of Nσ, we
may call this new basis for Nσ e1, . . . , ed. Since Mσ has rank d then re-
moving the zero rows we obtain the matrix Herm(Mσ) and we may then
take this matrix to be the matrix [ai,j ] in (14) since the matrix Herm(Mσ)
specifies the change of basis for Nσ from u1, . . . , ud to e1, . . . , ed. The ma-
trix Mσ defined by the rays ρ1, . . . , ρd is the matrix with columns given by
the vectors u1, . . . , ud, that is Mσ = [u1, . . . , ud], further Mσ has rank d.
Nσ = Span(σ) ∩ N is the lattice generated by the columns of the matrix
Mσ, that is Nσ =
{
y | y = Mσx, x ∈ R
d
}
∩ N . From the definition of the
Hermite form we have that
MσT =
[
Herm(Mσ)
0
]
for some unimodular matrix T . Thus we have
Nσ =
{
y | y =
[
Herm(Mσ)
0
]
x, x ∈ Rd
}
∩N,
meaning we may take the matrix [ai,j] = Herm(Mσ) in (14) and the conclu-
sion follows.
The remaining statements are given in the form stated above in Proposition
11.1.8. of Cox, Little, Schenck [4].
2.2 Algorithm
In Algorithm 1 we present an algorithm to compute cSM(XΣ) for a complete,
simplicial toric variety XΣ defined by a fan Σ. Note that we represent [V (ρj)]
as xj via the isomorphism given in Proposition 1.3.
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Algorithm 1. Input: A complete, simplicial toric variety XΣ defined by a
fan Σ with Σ(1) = {ρ1, . . . , ρr} and a boolean, Euler only, indicating if only
the Euler characteristic is desired. We assume dim(XΣ) ≥ 1.
Output: cSM(XΣ) in A
∗(XΣ)Q ∼= Q[x1, . . . , xr]/(I + J ) and/or the Euler
characteristic χ(XΣ), if Euler only=true then only χ(XΣ) will be computed.
• Compute the rational Chow ring A∗(XΣ)Q ∼= Q[x1, . . . , xr]/(I + J )
using Proposition 1.3.
• csm = 0.
• For i from dim(XΣ) to 1:
◦ orbits = all subsets of Σ(1) = {ρ1, . . . , ρr} containing i elements.
◦ total = 0.
◦ For ρj1 , . . . , ρjs in orbits:
⋄ σ = ρj1 + · · ·+ ρjs.
⋄ Find w = mult(σ) using Lemma 2.1.
⋄ [V (σ)] = mult(σ)[V (ρi1)] · · · [V (ρis)] = w · xi1 · · ·xis.
⋄ total = total + [V (σ)].
◦ csm = csm + total.
◦ If i == dim(XΣ):
⋄ Set (cSM(XΣ))0 = csm.
⋄ Set χ(XΣ) = sum of the coefficients of the monomials in
(cSM(XΣ))0.
⋄ If Euler only==true:
⊲ Return χ(XΣ).
• Set cSM(XΣ) = csm.
• Return cSM(XΣ) and/or χ(XΣ) .
We note that Algorithm 1 is strictly combinatorial; hence the runtime de-
pends only on the combinatorics of the fan Σ defining the toric variety.
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In this subsection we give the run times for Algorithm 1 applied to a variety
of examples. Consider a complete simplicial toric variety XΣ. We give two
alternate implementations of Algorithm 1 to reflect what we can expect the
timings to be in both the smooth cases and singular cases.
Specifically the running times in Table 2.1 for Algorithm 1 marked with a
† check the input to see if the given fan Σ defines a smooth toric variety, if
it does these implementations use the fact that mult(σ) = 1 for all σ ∈ Σ
and hence do not compute the Hermite normal forms and their determinates
in Lemma 2.1. However to show how the algorithm would perform on a
singular input of a similar size and complexity we also give running times
for an implementation which always computes the Hermite forms and their
determinates in Lemma 2.1.
In this way we see in a precise manner what the extra cost associated to
computing the cSM class and Euler characteristic of a singular toric variety
would be in comparison to the cost of computing a smooth toric variety
defined by a fan having similar combinatorial structure. Hence the running
time for a given example would be very similar to that of a singular toric
variety with a similar number and dimension of cones to those considered in
the examples in Table 2.1.
By default the implementation of Algorithm 1 in our “CharToric” package
checks if the input defines a smooth toric variety, i.e. performs the procedure
of the implementations marked with †. As such the performance of the
package methods on smooth cases can be expected to be that of Algorithm
1 † in Table 2.1 below.
We also remark that the extra cost in the singular case (or in the case where
we don’t check the input) comes entirely from performing linear algebra with
integer matrices. As such the running times in these cases could perhaps be
somewhat reduced by using a specialized integer linear algebra package. To
give a rough quantification of what performance improvement one might
expect from this we performed some testing using LinBox [11] and PARI [16]
via Sage [15] on linear systems of similar size and structure to those arising
in the examples in Table 2.1. In this testing we found that the specialized
algorithms seemed to be around two to three times faster than the linear
algebra methods used by our implementation in the “CharToric” package,
however this testing is by no means conclusive.
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In any case it seems reasonable to conclude that some performance increase
could be expected, for singular examples, if one used a specialized, fast inte-
ger linear algebra package to compute the Hermite forms and determinates
arising in Algorithms 1. Finally we note that additional efficiencies in im-
plementation might also be found by a more careful implementation of the
combinatorial procedures in a compiled language such as C or C++ rather
than the Macaulay2 [6] language used here, which is an interpreted language.
Input Alg. 1 † Alg. 1 (Euler only) † Alg. 1 Alg. 1 (Euler only) Chow Ring (Prop. 1.3)
P6 0.0s 0.0s 0.0s 0.0s 0.1 s
P16 5.3s 0.0s 85.4s 0.0s 0.7 s
P5 × P6 0.3s 0.0s 3.7s 0.0s 1.2 s
P5 × P8 1.1s 0.0s 16.8s 0.1s 2.1 s
P8 × P8 12.0s 0.1s 168.5s 0.1s 4.5 s
P5 × P5 × P5 12.8s 0.2s 156.7s 0.6s 11.8 s
P5 × P5 × P6 28.4s 0.3s 387.1s 0.8s 17.0 s
Fano sixfold 123 0.3s 0.0s 1.0s 0.4s 1.1 s
Fano sixfold 1007 0.4s 0.1s 1.0s 0.1s 1.8 s
Table 2.1: In the table we present the time to compute the Chow ring sep-
arately from the time required for the other computations, as such the total
run time for each algorithm will be the time listed in its column plus the
time to compute the Chow ring if the Chow ring is not already known. Com-
putations were performed using Macaulay2 [6] on a computer with a 2.9GHz
Intel Core i7-3520M CPU and 8 GB of RAM. The Fano sixfolds are those
built by the smoothFanoToricVariety method in the “NormalToricVarieties”
Macaulay2 [6] package. Pn denotes a projective space of dimension n.
13
References
[1] Paolo Aluffi. Computing characteristic classes of projective schemes.
Journal of Symbolic Computation, 35(1):3–19, 2003.
[2] Gottfried Barthel, J-P Brasselet, and K-H Fieseler. Classes de Chern de
varie´te´s toriques singulie`res. Comptes rendus de l’Acade´mie des sciences.
Se´rie 1, Mathe´matique, 315(2):187–192, 1992.
[3] Jean-Paul Brasselet and Marie-He´le`ne Schwartz. Sur les classes de Chern
d’un ensemble analytique complexe. Aste´risque, 82(83):93–147, 1981.
[4] David A. Cox, John B. Little, and Henry K. Schenck. Toric varieties,
volume 124. American Mathematical Soc., 2011.
[5] William Fulton. Intersection Theory. Springer, 2nd edition, 1998.
[6] Daniel R. Grayson and Michael E. Stillman. Macaulay2, a software
system for research in algebraic geometry, 2013.
[7] Martin Helmer. An algorithm to compute the topological Euler char-
acteristic, the Chern-Schwartz-Macpherson class and the Segre class of
subschemes of some smooth complete toric varieties. arXiv:1508.03785,
2015.
[8] Martin Helmer. Algorithms to compute the topological Euler charac-
teristic, Chern-Schwartz-Macpherson class and Segre class of projective
varieties. Journal of Symbolic Computation, 2015.
[9] Martin Helmer. A direct algorithm to compute the topological Euler
characteristic and Chern-Schwartz-Macpherson class of projective com-
plete intersection varieties. Submitted to a Special Issue of the Journal
of Theoretical Computer Science for SNC-2014. Avalible on the Arxiv
at http: // arxiv. org/ abs/ 1410. 4113 , 2015.
[10] Christine Jost. An algorithm for computing the topological Euler char-
acteristic of complex projective varieties. arXiv:1301.4128, 2013.
[11] The LinBox Group. LinBox – Exact Linear Algebra over the Integers
and Finite Rings, Version 1.1.6, 2008.
14
[12] Robert D MacPherson. Chern classes for singular algebraic varieties.
The Annals of Mathematics, 100(2):423–432, 1974.
[13] Jo¨rg Schu¨rmann and Shoji Yokura. A Survey of Characteristic Classes
of Singular Spaces, chapter 37, pages 865–952. World Scientific, 2007.
[14] Marie-He´le`ne Schwartz. Classes caracte´ristiques de´finies par une strat-
ification d’une varie´te´ analytique complexe. Comptes Rendus de
l’Acade´mie des Sciences, Paris, 260:3262–3264, 1965.
[15] W.A. Stein et al. Sage Mathematics Software (Version 5.11). The Sage
Development Team, 2013. http://www.sagemath.org.
[16] The PARI Group, Bordeaux. PARI/GP version 2.7.0, 2014. available
from http://pari.math.u-bordeaux.fr/.
15
